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Weighted Sylvester sums on the Frobenius set

TAKAO KOMATSU AND YUAN ZHANG

ABSTRACT. Let a and b be relatively prime positive integers. In this paper the
weighted sum ZnENR(a,b) A" In™ is given explicitly or in terms of the Apostol-
Bernoulli numbers, where m is a nonnegative integer, and NR(a, b) denotes the set of

positive integers nonrepresentable in terms of a and b.

1. INTRODUCTION

The Frobenius Problem is to determine the largest positive integer that is NOT repre-
sentable as a nonnegative integer combination of given positive integers that are coprime
(see [13] for general references).

Given positive integers aq, ..., a,, with ged(ay,...,an) =1, it is well-known that for
all sufficiently large n the equation

a‘l-rl_‘_""i‘amxm:n (1)

has a solution with nonnegative integers x1, ..., ZTn,.
The Frobenius number F(ai,...,an) is the LARGEST integer n such that (1) has
no solution in nonnegative integers. For m = 2, we have

F(a,b)=(a—1)(b—1)—1

(Sylvester (1884) [17]). For m > 3, exact determination of the Frobenius number is
difficult. The Frobenius number cannot be given by closed formulas of a certain type
(Curtis (1990) [6]), the problem of determining F'(a1, ..., a;,) is NP-hard under Turing
reduction (see, e.g., Ramirez Alfonsin [13]). Nevertheless, the Frobenius numbers for
some special cases are calculated (e.g., [12, 14, 16]). Omne convenient formula is by
Johnson [9]. An analytic approach to the Frobenius number can be seen in [4, 10].
Some formulae for the Frobenius number in three variables can be seen in [19].

For given a and b with ged(a,b) = 1, let NR(a,b) denote the set of nonnegative
integers nonrepresentable in term of a and b, namely the set of all those nonnegative
integers m which cannot be expressed in the form n = ax + by, where x and y are
nonnegative integers.

There are many kinds of problem related to the Frobenius problem. The problems of
the number of solutions (e.g., [18]), and the sum of integer powers of the gaps values in
numerical semigroups (e.g., [5, 8, 7]) are popular. Another famous problems is about
the so-called Sylvester sums ZneNR(a,b) n'™, where m is a nonnegative integer (see, e.g.,
[20] and references therein). Recently in [3], a more general case is considered, involving
the largest integer, the number of integers and the sum of integers whose number of
representation is exactly equal to a given number k, and is tackled using similar power
sums.
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In this paper, we consider the weighted sum

S ab) == > A (A #£0).

neNR(a,b)

Sylvester [17] showed that Sél)(a, b) = (a—1)(b—1)/2, and Brown and Shuie showed
[5] that

SW(q,b) = %(a (- 1)(2ab—a—b—1).

Rgdseth [15] obtained a general formula for S in terms of Bernoulli numbers and
deduced
1

Sél)(a, b) = 2(a —1)(b—1)ab(ab—a —1).

1
Tuenter [20] also investigated S,(;) by taking a different approach. He established re-
lations between Sylvester sums and the power sums over the natural numbers. Wang

and Wang [21] considered the alternating Sylvester sums
Tonfa,b) = > (=1)"n™
neNR(a,b)

by using Bernoulli and Euler numbers.
The purpose of this paper is to give an explicit expression for Sﬁ,i‘ ) (a,b). For m =1,
we can give the following formula.

Theorem 1.1. For A # 0 with \*> # 1 and A’ # 1,
1 abab—1 (A — 1) ((a + b)A™H? — aX® — bAP)

(M) _
S S L T 17 Uy ) R V) Uy TP Uy =

We also give a general expression for Sy(ﬁ\ )(a,b) in terms of the Apostol-Bernoulli
numbers. The alternating Sylvester sums in [21] can be also expressed as T;,(a,b) =

—S5 Y (a,b).
The main new results (Theorems 4.1 and 4.3 below) cover all values of m and A, and

express Sﬁﬁ\ (a,b) in terms of the Apostol-Bernoulli numbers. In case m =1 and A\* # 1
the expressions reduce to those given explicitly in Theorem 1.1.

2. AN EXPLICIT EXPRESSION FOR m =1
As in [5], define
ab—a—b
f@)= 3 (1-r(n)",
n=0
where r(n) denotes the number of representations of n in the form n = sa + tb, where
s and t are nonnegative integers. Since r(n) =0 or 1 for 0 <n < ab— 1, we have

ab—a—b
') = Z n(l—rn)A\" = Z A"
n=1 1<n<ab—a—b
r(n)=0
= Z )\n—ln = S%A) ((I, b) .
neNR(a,b)

We use the following fact from [5].
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Lemma 2.1.

_ g(x)
where
b—1 xak k b—1
—_ — _ k
g(x) = p— and h(z) = Zx
k=1 k=0
Suppose that XA # 1 # \*. Then
A -1
h(A) = A—1
and
, R > o D U |
h(A) = EXNTTF = — .
() kZ:O A—1 (A—=1)2

Also, we have
A —1)A=1) = (A =1)(A\* = 1)
(- DA - 1)?

g(A) =

and

g\ =

ab+ DA — gp\b—1 — (g 4 p)Natbtl Logre—1 4 p\b-1 _ 1
(

(A 1)(A— 12

a\e—! 2
- ) = 9.

Hence, we finally get

SN (a,b) = f/(\) =

g MhA) =g (N)

(h(V)*
_ 1 ab\?~1 (A% —1)((a 4 b)A"TP — aX® — bA?)
SO T e —1) N — 120 —1)?

In particular, for A = 2, we have the following.

Corollary 2.2.

anb—l
Yoort=1g
a _ b _
neNR(a,b) (2 1)(2 1)
(29 — 1) ((a + b)20Tb — 27q — 2bp)
2(20 —1)2(20 — 1)2

For example, for a = 3 and b = 17,

S§2)(3,17):20-1+21.2+23.4+24.5+26.7+27.8+29.10

+210 .11 4212134213144+ 215 .16 + 218 .19+ 221 . 22

+ 2% .95 4 2%7.28 4 230. 31
= 37515351605 .
From Theorem 1.1 (or the above Corollary),
1 31723171
2-12  @-DEr-1)
(2317 — 1) ((3+ 17)23F17 — 3. 23 —17. 217)
2(23 _ 1)2(217 _ 1)2

s (3,17) =

37
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= 37515351605 .

Similarly, by replacing 2 by another value, we can obtain that

3,17) = 900879734470832437423896 ,
8822132865
) = 1073741824
3,17) = 408,
760508529478902941119864
)= 205891132094649 ’

SV (3,17) = 34250061 + 696560412 .

s,
“/2(3,17
I
(

S§ 5/3)(3,17

3. WEIGHTED SUMS OF HIGHER POWER

Since
, "(@) _ 2¢/ (@)W (@) + h(@)"(@)  2g(z)(H(2)”
fla) =225 - +
) h(z) (h(z))? (h(z))®
ab—a—b
= Z n(n — 1)(1 —7( ))x"72,
n=2
we get
ab—a—b
zf"’(z) + f(x) = Z n*(1—r(n))z"""'.
n=0

Hence,

S (a,b) = A"\ + F'(N).

For simplicity, put X1 = (a+b)A?? —aA® —bA’ and Xy = (a+b)2A9H0 —a2)\®

Since
ab—1 ab
£ = 1 - abX i _ (A 21);5(1 .
(A=1) ANe=1(A—=1) AXAe—=1)2(\0—=1)
we get
1O = — 2 ab(ab — 1))\‘“’_2 B 2abA\® 2 X,
G- T D 1) T (- D0 12
B u®—1xX,—Xg_+ 2(\% — 1) X
2O — 12N —1)2 T NB(he —1)3(\ —1)3
Therefore, we obtain
2712 yab—1 ab ab __
Sé)‘)(a,b):— A+1 n a“b* A _2ab)\ X1+ (A 1) X,
A—=1)2 (A —1)(\b—1) A(Ae —1)Z(\0 —1)2
2(A% — 1) X4

NZ(he — 1)3(\0 — 1)3°
Similarly, we see that
SV (a,b) = A2F7(A) + 3A"(N) + 1/ (),
S (a,0) = X FO) +6X2 " (N) + TAF" () + F/(N),
SN (@, b) = M FO(N) + 10A3 FD () + 25X2 1" (A) + 15X F"(A) + £/ (V).

—~~

— b2,
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4. APOSTOL-BERNOULLI NUMBERS

Though one may obtain explicit expressions of 5’7(72\ )(a, b) for small positive integers

m, it is harder to obtain the formulas for large m. In this section, using the so-
called Apostol-Bernoulli numbers, we give an expression of S,(r)[ ) (a,b) for general positive
integral m.

The Apostol-Bernoulli polynomials B, (x,\) are defined by the generating function
[1, p.165, (3.1)]:

Tz

ze e o
= . 1 )
R =1~ 2 Bel@ ATy (lalog ] <20 e)

When A =1 in (2), By(x) = By(x, 1) are the classical Bernoulli numbers. When z =0
in (2), B,(A) = B,(0,\) are Apostol-Bernoulli numbers [11, Definition 1.2], defined by

z n

> z
SV :Zzs’n(x)m (|z + log A| < 27). (3)
n=0 ’

They seem to be also called A-Bernoulli numbers. When A = 1, the generating function
of the left-hand side in (3) is exactly the same as that of the classical Bernoulli numbers
B,,. But it does not imply that B,(1) = B, on the right-hand side though quite a few
authors misunderstand. In fact, as seen in [1, p.165], the first several values are given
by

1 2\ 3AA+1)
A) = A)=— AN)=——-"—= A= ——F
BO( ) 07 Bl( ) )\717 82( ) ()\71)2’ 83( ) ()\71)37
ANA2 + 41+ 1) SAN + 11A2 + 11A + 1)
)\ - — )\ =
Ba(Y) A—1nf Bs(Y) (A—1)
But,
1 1 1 1
By =1, Bl__§7B2_67B3_0aB4__%aB5_OvBG_Ea""
For X\ # 1, Apostol-Bernoulli polynomials B,,(z, A) can be expressed explicitly by
n\ 2 k-1
_ N i1 - n—k
Bu(z,A) = ;k<k> ;0(—1)W(A—1) 7 ]!{ ; }x (n>0) (4

[11, Remark 2.6], where the Stirling numbers of the second kind {Z} are given by

n 1 F _i(k\ .,
U =y (5)

When z = 0 in (4), Apostol-Bernoulli numbers B, () have an explicit expression in
terms of the Stirling numbers of the second kind [1, p.166, (3.7)],[11, p.510, (3)]".

n-l . ) n—1
B =n (-1 - 0Tz 0) (5)
=0

We use a similar approach to Rgdseth in [15]. Let n, r and s be integers with
r=n (moda) (0<7r<a), bs=r (moda) (0<s<a).
Notice that
n € NR(a,b) <= 3t € Z (1 <t <|bs/a]), n=—at + bs

n both references, the sum begins from j = 1. However, the value for n = 1 does not match the
correct one Bi(A) =1/(A—1).
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<= JkeZ(0<k<(bs—r)/a—1), n=ak+r.

Note that the case A = 1 is discussed in [15]. Since

a1 bsa—r_l
SN (a,b) = AFFT=L (g )™
r=0 k=0
for X # 1, we have
oo " 1 a1 bsa—r_l
? z\ak+r
> s = 5 (R
m=0 r=0 k=0
a—1 a—1
1 1
I — Z(AeZ)bs o ()\ez)r>
A (Ae ) -1 (r—() r=0
a—1 a—1
1 1 z\bs Z\T
= 30e 1 (Z(/\e )5 =) "(Ne?) )
5=0 r=0
1 az bz (Ae*)® — 1 11 (©)
A (Ae)a—1(Ne?)b =1 abz? Ader —1°

Assume that A\* # 1 and A’ # 1. The second term (without sign) of the right-hand side
is equal to

1 1 1 & 2™
M1~ a2 B
1 = B\ 2zl
_)‘mz::o m  (m—1)!
1 o= Bgpi(A) 2™ B
) mt1 ml (B0 =0).

The first term is divided into two parts. One part (without sign) is given as

1 1 az bz
Xabz2 (he?)e —1 (he?)b — 1

3 Bi(\Y) az) ZB (A%)bi

22

Il

> =
3

Nl
N

=0
) imgo > (7?) ailbmi115’1‘0“)1%_@-0”)Z:ﬂ2
1 & 1 T2 mA2\ it e m
A Z— (m +1)(m +2) ; < i >a b Bi(A")B—it+2(A )W
Another part is given as
)\ab—l az b eabz

abz? (Ae?)* —1 (Ae)b —1

0 k
_ yab—1 kpk?
=\ (Za b kl)

k=0
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00 1 42 (19 ) Z .
X(emmwgﬂ)lﬂ%@mmmﬁ

/=0 ( i=0
_ yab—1 SR m 1
=23 (V) eriery
m=0 /=0
% “22 €+ 2 m—é—i—i—lbm—i—i-lB ()\a)B ()\b) 2™
a 7 —q — .
= 1 t-it2 m!

Comparing the coefficients on both sides of (6), we get the following expression.

Theorem 4.1. For A\ # 0 with \> # 1 and A\’ # 1, and a nonnegative integer m,

) - m {42 (42 qm—tHi—1pm—it1 ,
SV (a,b) = A ZZ( )< ) EE) Bi(A")Bp—it2(\")

/=0 i=0
1 e m+2\ i
_(m+1)(m+2AZ< i ) DB B2 (V)
. m—i—l()
(m+1)A

41

Remark 4.2. When m = 1 in the expression of Theorem 4.1, that of Theorem 1.1 is

obtained.

If \* = 1 or A’ =1 in (6), without loss of generality, we can assume that A* = 1 and
AP £ 1. Because gcd(a,b) = 1, A% = A\’ = 1 is impossible for A # 1. Then, the first

term of the right-hand side of (6) is equal to

1 az bz etz _q
Aetz — 1 \bebz — 1 gbz?

© m £ O\ gm—l+ipm—i
“E XX (V) () S pEe o

m-+1 / amfl+i+1bmfi+1 b Lm
BilB—i(N") —
( 14 ><i>(m—€+2)(m+1) By ()\)m'

3%

Comparing the coefficients on both sides of (6), we get the following expression.

Theorem 4.3. For A\ # 0 with \> =1 and \* # 1, and a nonnegative integer m,

) m+1 £ gl ym—it1 ,
BiBBy;
S (@, 0) = ZZ( ><>(m T+ m P

=0 =0
Berl()‘)

(m+1)\°
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Remark 4.4. When A = —1 in Theorem 4.1 or Theorem 4.3, formulas for Sylvester
sums (5.11)—(5.14) in [21] are obtained. For, when a is odd, B, ((—1)%) = —nE,—1(0)/2
(n > 0), where E,(z) are Euler polynomials defined by

227 > N
A1 LB (<.

In particular, when A\ = —1 and m = 1,2 in Theorem 4.3, we have the following
formulas. The first relation is not included in the formula in Theorem 1.1.

Corollary 4.5. When a is even and b is odd,

_ blab—a—0b)+1
D PNLUEEDES Y

_ —1)(2ab — a —
Sé 1)(a,b):ab(b )(1a2b a Sb)‘

For example, for a =4 and b = 11, we get
S (4, 11)
= (D14 (D24 (=12 34+ (-D)* 54+ (=1)°- 6+ (—1)5-7
+ (=% 94 (-1 10+ (-2 134+ (-1)13 - 144+ (—1)16 . 17
+ (D718 4+ (=121 + (1) .25 + (—1)% . 29
=80.
From Corollary 4.5, we also get
11(4-11 -4 —11) + 1

Y4, 11) = y

=80.

Similarly, S§(4,11) = 1870.
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