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The Hornich space and a subspace of BMOA

JOSEPH A. CIMA

Abstract. In this article we make a linear association between the Hornich space
and a subspace of the BMOA space on the unit disc. We obtain a few new results
that arise from the association and identify some classes of functions in BMOA that
were hitherto unknown (or utilized).

1. Introduction

In this article we consider two normed spaces of analytic functions on the unit disc
D and produce a linear isomorphism between them. The purpose is not just to make
the identification: it suggests a large class of functions that were hitherto unknown
in one of the spaces. The first space, which we denote by H , is a real Banach space
and is known to those specialists who work in geometric function theory. The second
is a certain subspace K of the space BMO of functions of bounded mean oscillation.
Indeed, K is a subspace of the space BMOA of analytic functions of bounded mean
oscillation. The space BMO has broader applications and is found in research in the
areas of partial differential equations, harmonic analysis and other areas. There are
classes of functions in H described by their geometry and it is of interest to see what
the implications of the connection to the subspace of BMOA will imply about these
subsets, and on the obverse side of the relation it will be of interest to see what the
geometry will imply about the behavior of the associated BMOA functions.

2. The Hornich space and some of its properties

Let A denote the set of functions f which are holomorphic on the unit disc D,
and which are locally univalent there (i.e. f ′(z) 6= 0, |z| < 1), and normalized by
f(0) = 0, f ′(0) = 1. For each r ∈ (0, 1) and f ∈ A define the quantity

I(r; f) ≡
1

2π

∫ 2π

0
| log |f ′(reıt)||dt.

We define a set L as follows.

L = {f ∈ A | sup
r
(I(r; f)) <∞).

We define a few other sets which we wish to refer to later in this paper. Namely, set

M = {log f ′(z) | f ∈ L },

and

N = {f ′ | f ∈ L }.
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The set M is a subset of the space of Cauchy Transforms of finite Borel measures
on the unit circle (see Cima and Pfaltzgraff [4] and Cima, Matheson, and Ross [3]). In
particular there is a function M(ζ) of bounded variation on the unit circle T such that

log f ′(z) =
∫

T

(ζ + z)

(ζ − z)
dM(ζ), z ∈ D.

Note that it is easy to see that each functions f in N has derivative f ′ in the
Nevanlinna class, and hence has radial boundary values f ′(ζ) at almost all ζ ∈ T.

For f and g in L define

f ⊕ g(z) =

∫ z

o
f ′(w)g′(w)dw,

and for r ∈ R set

r ⊙ f(z) =

∫ z

o
(f ′(w))rdw.

With these operations, L becomes a real vector space, and the expression

||f ||L ≡ sup
0<r<1

(I(r; f))

is a norm on L , and in this norm the space is complete, that is, L is a real Banach
space. Although not much is known about a generic vector in L or the relationship of
the entire space L to other classical Banach spaces of analytic functions (e.g. weighted
Bergman spaces or weighted Bloch spaces) there are interesting subspaces and subsets
of L for which many interesting things are known. Further the interested reader will
find most of what is necessary for univalent functions in the books of Pommerenke [10],
and Duren [5], and facts about the classical Hardy spaces in books by Garnett [6] or
Cima, Matheson,and Ross [3]. Further, set

L1 ≡

{
f ∈ L | ‖f‖L =

∫

T

| log |f ′(eıt)||dt

}
.

It is shown in Cima and Pfaltzgraff [4], that L1 is a real, separable Banach space ( a
subset of the harmonic Hardy space, h1) . In his paper [8], Hornich defined a subspace
of L1 by requiring the following

H ≡

{
f ∈ L1 | sup

(|z|<1)
| arg f ′(z)| <∞

}
.

Hornich equipped this space with a norm

||f ||H = sup
{
( | arg f ′(z)− arg f ′(w)| | z ∈ D ; w ∈ D )

}
.

Equipped with this norm H becomes a real, separable Banach space. Note that the
set S of all normalized univalent functions on D is not a subset of H . For example
univalent functions mapping onto spiral-like domains are not in H . But there are
many well known and well researched subsets of univalent functions in H , see Cima and
Pfaltzgraff [4], Ali and Vasudevarao [1]. Without attempting to supply a comprehensive
list of references we give an abbreviated set of references with the understanding that
the interested reader will find most of the necessary background in the references in the
papers and books that are listed.

As noted, S ∩ H contains several sets of functions which are distinguished by their
additional geometric properties. Among these are the class C of normalized univalent
functions of S mapping onto convex domains, the class S of functions in S mapping
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onto starlike domains and the class K of close to convex functions in S (that is functions
f ∈ S for which there exists a starlike function g ∈ S for which

ℜ
zf ′(z)
g(z)

> 0, (|z| < 1).

However, H \ S contains several other sets of functions which are locally univalent
but not necessarily univalent. As examples we mention the following which come from
the interesting paper, Ali and Vasudervarao [1]. Let α > 0 and set

G(α) =

{
f ∈ A| ℜ

(
1 +

zf”(z)

f ′(z)

)
< 1 +

α

2

}

Functions in G(α) for α ≤ 1 are univalent (G(α) ⊂ (S)) but for α > 1 the functions in
G(α) need not be univalent. In particular in [1], it is shown that if f ∈ H with ||f ||H ≤
απ then f ∈ G(α). Other examples of non-univalent classes containing functions in H

are given there and we refer the interested reader to that source for these other examples
and to many useful background references.

Most of the work on this topic has been done by researchers interested in geometric
function theory, and much of it involves such topics as topological properties (separabil-
ity and non-separability), extreme points of certain classical subsets of H , the inclusion
of certain well known subsets of analytic functions in H , and inclusion of H in some
classical Banach spaces of analytic functions on the unit disc. The following can be
found in Cima and Pfaltzgraff [4] and Ali and Vasudevarao [1]. The notation Hp(D)
denotes the classical Hardy space of the unit disc.

Theorem 2.1. The space H is a subset of
⋃

0<p<∞Hp(D).

In Section 5 we will strengthen this result.

3. The space BMOA

Now we wish to point out several pertinent properties of the space BMO and BMOA
on the unit circle. An excellent source for material on these sets is the set of notes by
Girela [7]. An L2(T, dm) function f on the unit circle T is said to have bounded mean
oscillation (BMO) if there is a positive number M such that for each interval I ⊂ T set

U(f, I) =
1

|I|

∫

I
|f(ζ)− fI |dm(ζ) ≤M,

where ζ = expıθ, dm(ζ) = dθ/2π and fI =
∫
I
f(ζ)dm(ζ)

|I| . The set of such functions f

for which U = supI U(f, I) < ∞ with pointwise sum and scalar products is a complex
Banach space with

||f ||b = |f(0)|+ U.

The set can be made into a Banach space in several ways. The space BMOA is the
subspace of BMO consisting of functions from the Hardy spaces H2

⋂
BMO(mathbbT ).

In addition we will be considering a subspace of BMOA for which f(0) = 0. The real
variable version of this space BMO(T) (or more generally BMO(Rn)) suitably defined)
has an illustrious history, but as we focus on BMOA(T) we will not try to outline this
history but again mention the classic notes of Girela where the case BMO(T) is treated
in detail. Some of the other useful equivalent definitions for the space BMOA are as
follows. Assume a ∈ D and φa is an automorphism of the unit disc mapping a to zero.
For p ∈ (0,∞) and f analytic on D define

||f ||BMOAp
≡ |f(0)|+ sup

a∈D
||fa||Hp ,

where fa ≡ f ◦ φa − f(a).
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Theorem 3.1. With the above notation the following are equivalent:
(a)||f ||BMOAp

<∞.
(b) The family {f ◦ S − f(S(0)) | S ∈ Aut(D)} is a bounded set in Hp.
(c) The family {fa | a ∈ D} is a bounded set in Hp.

All of these give equivalent definitions for BMOA. The space BMOA is not separable
in this norm and the closure of the analytic polynomials in this norm is a separable closed
subspace, labeled VMOA, Both VMOA and BMOA play roles in duality situations for
the Hardy space theory.

In the case of analytic functions, for some time there were open problems related to
some linear functional analysis questions for the classical Hardy spaces. In particular
one such question was the following. What are the topological duals of the classical
Hardy spaces Hp(T)? It was possible to satisfactorily identify the duals for 1 < p <∞,
but the question for p = 1 had a functional analysis solution to the question stated
in terms of a coset space. Namely to characterize the dual of H1(T) one uses duality
between L1(T ) and L∞ and an annihilator. Fefferman’s initial work on BMOA showed
that the space of analytic functions on the unit disc with bounded mean oscillation was
the correct function space dual.

There are several important ways to recognize whether or not an analytic function
on the unit disc is in this space. It is known that if an analytic function has a bounded

real part then it is in BMOA. Further,if f(z) = U(z)+ ıŨ(z) ∈ BMOA and U ∈ L∞(D)

then since ||Ũ ||L2(T) ≤ C||U ||L∞(T) we have ||f ||b ≤ C||U ||L∞ . Further, if P denotes the

Riesz transform on L2(T) then it is well known that f ∈ BMOA if and only if there is
ψ ∈ L∞(T ) for which f(z) = P (ψ)(z).

For our purposes we need one important representation of BMOA functions. For U a

bounded, harmonic function of the unit disc D, let Ũ be a suitably normalized harmonic
conjugate.

Theorem 3.2. For F in BMOA there exist two bounded harmonic functions U and V
so that

F (z) = (U(z) + ıŨ(z)) + ı(V (z) + ıṼ (z)) = F1(z) + ıF2(z).

(Again see {Girela [7], Theorem 7.2} .)
Note although BMOA has many equivalent norms, the following is known.

Theorem 3.3. If F = F1 + ıF2 with Fj , j = 1, 2 as above then for some absolute
constant C,

||F ||b ≤ C inf{||U ||∞ + ||V ||∞}

as F1 and F2 vary over all such decompositions.

4. The subspace K

So let us define the real subspace of BMOA that we are interested in. Let

K = {F ∈ BMOA | F (0) = 0 , ℑ(F (z)) ∈ L∞(T).

Proposition 4.1. The set K is a real subspace of BMOA. K is not a closed subset
of BMOA.

Before supplying the proof of Proposition 4.1 we want to define the linear mapping
in question between H and K . For f ∈ H define

L(f)(z) = F (z) = ln(f ′(z)) = ln |f ′(z)|+ ı arg f ′(z) = U(z) + ıŨ(z), z ∈ D.

Note that by our assumptions L is well defined by the above comments and F ∈ BMOA.
(Since arg f ′(z) ∈ L∞(D) one has F ∈ BMOA by the above.) Further, L(f)(0) =
F (0) = 0, implying that L(f) ∈ K .
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Note that

L(f ⊕ g)(z) = L(f)(z) + L(g)(z),

and

L(r ⊙ g)(z) = rL(g)(z),

so that L is a linear mapping . It is now clear that L is bounded since

‖L(f)‖b ≤ C · sup{| arg f ′(z)| | z ∈ D} ≤ 2C · ‖f‖H .

By the normalization it is obvious that L is one to one and further setting

f(z) =

∫ z

o
exp(F (w))dw

that L has a linear inverse. Note that ln(1 − z) ∈ K but it is not in VMOA so that
K \ VMOA is not empty.

We can now proceed to the proof of Proposition 4.1.

Proof. It is obvious that K is a real normed subspace of BMOA.
We give an example to show that K is not closed in BMOA. Let Ω be the unbounded

domain, symmetric in the x and y axis, containing 0 and 1, bounded on the right by a
smooth curve Γ. Assume that 2 ∈ Γ and as z ∈ Γ,ℑ(z) > 0 tends to ∞ the curve tends
smoothly to the positive real y axis and reflect to get the unbounded domain Ω in C.
Then take the Riemann mapping φ from the unit disc onto Ω, φ(0) = 0, φ′(0) = 1. It
is well known that φ is in VMOA. Hence, there is a sequence of polynomials, say pn,
tending to φ in VMOA and hence, uniformly on compacta of D. We can normalize the
pn to get a new family of polynomials, say qn, with qn(0) = 0, q′n(0) = 1, and with qn
tending to φ in BMOA. Thus, φ is in K but is not in K . �

Let us state at this point another important fact about BMOA, known as the John-
Nirenberg Theorem and for which we shall have a use. First, recall the equivalent norms
for BMOA, and use the notation BMOAp for them, ∞ > p > 0. Fix p as above and
F ∈ BMOA, and write

||F ||pb = sup
z∈D

∫

T

|F − F (z)|pPzds = sup
z∈D

(|F |p(z)− |F (z)|p)

where Pz is the Poisson kernel evaluated at z . The John-Nirenberg inequality (see
Knese [9]) can be stated as follows.

Theorem 4.2. For F ∈ BMOA and any ǫ < 2√
2||F ||BMOA2

, we have

∫

T

expǫ|F−F (z)| Pzds <
3

(1−
ǫ
√
e||F ||BMOA2

2 )3/2

5. Implications

Recall that if f ∈ H then f is in some Hardy space, and if f ∈ L1 then
∫
T
| log |f ′(expıθ)||dθ <

∞. In general functions in Hardy spaces need not have derivatives which are well be-
haved. For example there are functions in the disc algebra (hence in all the Hardy
spaces) for which the derivatives are not in the Nevanlinna class. So a question to
consider is the following. If f is in L1 is f ′ in some Hardy space? We have not been
able to answer this in this form but using information gleaned from the relationship
established by the map L we can give an answer when f is in the Hornich space.

Theorem 5.1. If f ∈ H then there is a p > 0 for which f ′ ∈ Hp.
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Proof. Assume f ∈ H , and L(f) = F ∈ BMOA. Apply the John-Nirenberg Theorem,
with z = 0, to obtain

∫

T

expǫ|F (expıθ)| dθ/2π =

∫

T

expǫ| log f
′(expıθ)| dθ/2π ≥

∫

T

expǫ| log |f
′(expıθ) |dθ/2π

≥

∫

T
⋂
(|f ′|≥1)

|f ′(expıθ)|ǫdθ/2π

Hence, f ′ ∈ Hǫ. It is now well known that if ǫ < 1 then f ∈ Hq, where q = ǫ
(1−ǫ) and if

ǫ > 1, then f ∈ Λα, α = 1− 1/ǫ. The space Λα is the Lipschitz space of order α.
�

We wish to introduce another mathematical object that plays a major role in the
BMOA theory and for which we think the pullback to the H space is of interest.
Namely, given a positive measure dµ(z) on the unit disc, µ is called a Carleson measure
if for h > 0, |ζ| = 1 and Ω(ζ, h) the Carleson box in D,

Ω(ζ, h) = (z ∈ D | 1− h < |z| < 1, | arg(z − ζ)| < h),

one has

µ(Ω(ζ, h)) ≤ Ch.

It is known that for F ∈ BMOA the measure dµ(z) = |F ′|2(1 − |z|)dxdy is a Carleson
measure.

For our interests this supplies a straightforward proof of the following.

Theorem 5.2. For every function f ∈ H the measure

dν(z) =

∣∣∣∣
f”

f ′

∣∣∣∣
2

(1− |z|2) dxdy

is a Carleson measure. Consequently, for any p the map from Hp into Lp(dν) is
bounded. That is for g ∈ Hp there is a C(p) for which

(∫
|g(z)|pdν(z)

)1/p

≤ C(p)||g||Hp .

In order to discuss a last point we need to make a few more definitions.

Definition 5.3. For λ > 0 let G (λ) denote the set of functions g, analytic and non-zero
in the unit disc, satisfying

| arg g(z)| ≤ λ,

and

|g(0)| = 1.

The second definition is for a space known as weak H1.

Definition 5.4. Denote by H1
w the weak Hardy-type space of order one. It consists of

those analytic functions f on the unit disc which are in the Smirnov (Nevanlinna) class
and for which

|{exp ıθ ∈ T | |f(exp ıθ| > t}| <
b

t

The notation | ∗ | denotes Lebesgue measure of ∗ on the unit circle. That is, the
distribution function of f on the unit circle is controlled. The letter b is a constant
depending on f . The infimum over all such b is known as the weak H1 norm and is
denoted by b(f).

With this notation Baernstein and Brown [2] proved the following.
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Theorem 5.5. Assume F is a function satisfying

F (z) = λ ·

(
µ− z

δ − z

)
· f(z),

where λ, µ, and δ are in the unit circle and f ∈ G (ν), where ν < π/2. Further, assume
F satisfies

|F (z)| ≤ 2/(1− |z|).

Then F is in H1
w.

We wish to add to this result for functions from the Hornich space.

Theorem 5.6. Assume f is in the Hornich space, H , and satisfies | arg f ′(z)| ≤ ν ≤
π/2 and the function F satisfies

F (z) = λ ·

(
µ− z

δ − z

)
· f ′(z),

where as above µ and δ are in the unit circle. Then ln |F ′(z)| is in Lp(T) for all p <∞.

This follows immediately since lnF (z) ∈ BMOA.

6. Questions related to this material

The following are questions that we have considered in writing this and have been
unable to answer.

Q 1. What is the closure of K in the space of BMOA functions that vanish at the
origin?

Q 2. Assuming the operator L−1 has been extended to K what is its range, relative
to L ?

Q 3. Can the function F occurring in the Baernstein and Brown theorem be shown
to be in the space CT of Cauchy-Transforms of finite Borel measures on the unit circle?
Recall that CT ⊆ H1

w.
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