
Irish Math. Soc. Bulletin

Number 83, Summer 2019, 5–7
ISSN 0791-5578

Generalization of an Identity

about Euler’s totient function

MEI BAI, WENCHANG CHU AND NADIA N. LI

Abstract. A general formula about arithmetic functions is established that con-
tains some interesting identities as special cases, including one about Euler’s totient
function proposed by Max A. Alekseyev (2011).

In number theory, Euler’s totient function ϕ(n) is well–known, which counts the natural
numbers ≤ n that are relatively prime to n and satisfies the property

∑

d|n

ϕ(d) = n.

Max A. Alekseyev [1] proposed the following monthly problem. For a positive integer
m, prove that

m−1
∑

k=0

ϕ(2k + 1)

⌊

m+ k

2k + 1

⌋

= m2, (1)

where ⌊x⌋ denotes the integer part for a real number x.

Inspired by this problem, we shall establish the following general formula.

Theorem 1 (Main theorem). Let F (n) =
∑

d|n f(d), then

m
∑

n=1

F (2n− 1) =
m
∑

k=1

f(2k − 1)

⌊

m+ k − 1

2k − 1

⌋

.

Proof. By replacing d by 2k − 1 and then interchanging the summation order, we have

m
∑

n=1

F (2n− 1) =
m
∑

n=1

∑

d|2n−1

f(d)
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=
m
∑

n=1

∑

(2k−1)|(2n−1)

f(2k − 1)

=
2m−1
∑

k=1

f(2k − 1)
m
∑

n=1
(2k−1)|(2n−1)

1.

The last sum counts the number of odd multiples of 2k − 1 from 1 to 2m− 1, which is
equal to the number of all the multiples of 2k − 1 minus that of the even multiples of
2k − 1. Hence we have

m
∑

n=1
(2k−1)|(2n−1)

1 =

⌊

2m− 1

2k − 1

⌋

−
⌊

2m− 1

4k − 2

⌋

=

⌊

m+ k − 1

2k − 1

⌋

.

This proves the formula displayed in Theorem 1. �

Replacing f by ϕ in Theorem 1, we confirm immediately Alekseyev’s identity (1).

Instead, by assigning, in Theorem 1, F to be σℓ, the ℓth power sum of the divisors of n

σℓ(n) =
∑

d|n

dℓ,

we derive another interesting formula:

Corollary 2.
m
∑

k=1

σℓ(2n− 1) =
m
∑

k=1

(2k − 1)ℓ
⌊

m+ k − 1

2k − 1

⌋

.

Furthermore, we can work out an identity for the Liouville function, which is defined
by

λ(n) = (−1)k1+k2+···+km

if n is factorized into n =
∏

m

i=1 p
ki
i

with {pi}mi=1 being distinct primes. The λ function
admits the property

∑

d|n

λ(d) =

{

1, if n is a square;

0, otherwise.

Now take f(n) = λ(n) in Theorem 1. We can see that
∑

m

n=1 F (2n− 1) is, in fact, the

number
⌊√

2m
⌋

of odd squares from 1 to 2m minus the number
⌊√

m

2

⌋

of even squares
from 1 to 2m:

m
∑

n=1

F (2n− 1) =
⌊√

2m
⌋

−
⌊
√

m

2

⌋

=

⌊
√

m

2
+

1

2

⌋

.

We have consequently established the following identity.

Corollary 3.
m
∑

k=1

λ(2k − 1)

⌊

m+ k − 1

2k − 1

⌋

=

⌊
√

m

2
+

1

2

⌋

.
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There exist similar results in the literature. In fact, one can find in Burton [2, Theo-
rem 6.11] the following formula. Suppose that

F (n) =
∑

d|n

f(d)

then there holds
m
∑

n=1

F (n) =
m
∑

k=1

f(k)
⌊m

k

⌋

. (2)

Analogously, we can deduce from (2) the following identities:
m
∑

k=1

ϕ(k)
⌊m

k

⌋

=

(

m+ 1

2

)

, (3)

m
∑

n=1

σℓ(n) =

m
∑

k=1

kℓ
⌊m

k

⌋

, (4)

m
∑

n=1

λ(n)
⌊m

n

⌋

=
⌊√

m
⌋

. (5)

Among these formulae, (3) and the two particular cases ℓ = 0, 1 of (4) appeared
previously in Burton’s book (Page 120, Corollaries 1 & 2).
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