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Noéta ar Aicme Eagothroimi idir Shuimealaithe

J. N. FLAVIN

Tiomnaithe déibh siid, sa Ghaillimh agus lasmuigh di, a thug an

Ghaeilge chun foirfeachta mar mhedn pléite eolafochta agus matamaitice.
SRR KRR KKKk K

“All analysts spend half their time hunting through the literature for
inequalities which they want to use and cannot prove.”

curtha i leith Harald Bohr ag G.H. Hardy (1928)

ABSTRACT. This note concerns some interesting inequalities
(essentially) involving integrals with non-negative integrands
which depend on a function (of one variable) and its deriva-
tives. One first proves some identities — based on changes
of variable — from which simple versions of the inequalities
immediately follow: all this is elementary, well within the
reach of anyone with a good first course in Calculus. One
obtains stronger versions of the inequalities by applying the
Wirtinger inequality, and other similar inequalities, to the
identities. The meaning of the term ‘sharp’ inequality is re-
called, and it is pointed out that all the inequalities arising
are, in a sense, sharp.

1. REAMHRA

Sa néta seo cuirtear ar fail tri h-ionannais idir shuimedlaithe,
bunaithe ar mharlartaithe athréga, 6n ar féidir éagothroimi simpli a
ghinitint. Bheadh an chuid seo den néta (i.Ranna §2-4) ar chumas
micléinn (mhaith) Ardteistiméireachta (Ardleibhéal).

M4 chuirtear éagothroime Wirtinger (e.g. [1]) agus cinn ar aon
dul leis i bhfeidhm ar na h-ionannais réamhluaite gintear éagothroimi
nios ldidre (§5). Sé an cur chuige seo an ghné is tAbhachtal den néta:
cur chuige éifeachtach é chun teacht ar aicme tsdideach éagothroimi
idir shuimealaithe nach bhfuil fail ortha go héasca sa litriocht. Ni hi
is aidhm don néta seo, dfach, liosta cuimsitheach a sholdthar de na
h-éagothroimi gur féidir d’fhail ar an gcaoi seo.
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Tugtar chun chuimhne sa néta seo an chiall ata le h-éagothroime
ghéar. Is den tsaghas seo na cinn uile i §5.

Trid is trid, is éagothroim{ idir shuimealaithe le h-insuimealaithe
neamhdhitltacha, a bhraitheann ar fheidhm (aon-athréga) agus a
diorthafocha, na cinn is 4bhar don néta seo. Eagothroimi den aicme
ginearalta seo,is minic a tsaidtear iad chun meastachdin chéiliochtula
d’fhail ar réiteacha cothromdidi pairtdhifredlacha faoi choinniollacha
ginearalta. Mar shampla, éagothroimi den tsaghas airithe a bpléitear
anseo, Usaidtear iad i [2] chun meastachdin d’fhail don rdta spdstil
lena meathlaionn an réimse struis i bplata dronuilleogach cuarlineach
leaisteach, faoi choinniollacha airithe. Toisc nach rabhthas in ann
teacht ar an aicme éagothroimi iarluaite i gceann de na ldamhleabhair
is cuimsithi ar an 4bhar [1] is ea spreagadh an cur chuige is 4bhar
don néta seo. Ni miste a ra, afach, go bhfuil an aicme éagothroimi
anseo gaolmhar le h-éagothroime a luaitear le Hardy [e.g. [3]] agus
le cinn a bpléitear i [4], mar shampla.

2. NODAIREACHT AGUS COMHTHEACS

Ciallaiodh r,t dha athrég neamhspleacha ceangailte de réir
r=e'; (1)
sainmhinitear r san eatramh a < r < b in ar tairisigh dheimhneacha

iad a, b, agus, d4 réir, sainmhinitear t i A < ¢ < B in a mbionn, ar
son na h-aisiulachta,

A =loga,B =logh, (2)
agus (rud a usdidfear ar ball)
L =log(b/a). (3)
Ciallaiodh ¥(r), f(t) dhd athrég spledcha ceangailte de réir
Y=rrf (4)

in ar tairiseach ar bith é p.

Feidhmeanna leantnacha iad ¢, f, agus pé diorthaiocha a ndéanfar
tagairt d6ibh trid sios, glactar leis go mbionn siad leantinach (ach i
gcds amhdin nuair a chuirtear a mhalairt in idl). Cuirtear difredil
i leith r agus ¢ in idl le / agus™ faoi seach agus difredil faoi dhé le
"agus . faoi seach. Uséidtear, leis, an nodaireacht ata coitianta i
gcomhthéacs suimeala: sainmhinitear an earr-dhifriocht

9(7")]2 =g(b) —g(a) etec.
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3. NA hIONANNAIS

Is féidir na h-ionannais seo leanas a chruthd gan ré-dhua (rud a
fhagtar faoin léitheoir):

(a)
b B
/r*@?’“)der:/ f2dt (5)
" A
(b)
b , B
/ [P0y — 2=y g — /A fPat+pf3;  (6)
(c)

b
/ [P @9y — 4 (p— 1) @Dy 4 pty= CrED gy

a

B
ey - e — el = [P )
A
Tugtar faoi ndeara gur féidir an earr-dhifriocht (feic §2) i (6) agus
(7) araon a chur i dtéarmai f(¢) né ¥(r) : ¢é acu foirm is disidla le
n-usaid amach anseo, braitheann sé ar an gcomhthéacs.
Tharlédh gurbh fhéidir tuilleadh ionannas ar aon dul le (5), (6),

(7)a chruthd ina mbionn diorthajocha d’ord nios aoirde; né, gurbh
fhéidir, fid, leagan ginearalta de na h-ionannais a chruthi.

4. EAGOTHROIMI SIMPLI

Gineann (6) éagothroime shimpli, ldithreach, ag cur (4) san direamh:

Tairiscint 1.

b b
/ PPy Rdr > / r Gty dy (8)

a
ma’s feidhm ar bith 71 a shdsuionn ceann amhdin de na coinniollacha
seo leanas:

(i)
a”Py(a) = £ b7 p(b), 9)
Y(a) =0 ach p >0, (10)

¥(b) =0 ach p<O. (11)
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Séard a thuigtear le h-éagothroime ghéar sa chomhthéacs gin-
earalta seo nd ceann a mbionn cothroime inti d’theidhm airithe nach
ionann { agus an fheidhm nialasach. D4 réir sin, is 1éir 6 (6), (4),
gur éagothroime ghéar { (8) sa bhfochds (i), ach an sin + a thégaint
i (9): bionn cothroime ann i geéds na feidhme

r~P1p = tairiseach (£ 0) (12)
(agus ansin amhdin). Fég is nach éagothroime ghéar { (8) — mar
a minfodh thuas — sna fochdsanna (ii), (iii), is féidir cothroime de
shaghas dirithe a bhaint amach in (8) sna fochdsanna did nuair a
dhruideann b/a — oo (ar a dtugtar cothroime asamtéiteach): m4
sainmhinitear ¢ de réir (1), (2), (4) agus

f=Msin{n(t — A)(B - A)~'}, (13)
in ar tairiseach treallach é M, is féidir a chruthd, ag uséid (5), (6),
go ndruideann

b b
/ r_(Qp_l)z//Zdr/{pz/ r_(2p+1)1p2dr} —1

a a
nuair a dhruideann b/a — oo (ach p # 0). Dob fhéidir a rd d4 réir :
nf féidir uimhir nfos mé né p? a chur ina ionad i (8), a bhraitheann
ar p amhdin (i.e. nach mbraitheann ar a, b, leis).
Gineann (7) éagothroime shimplf eile, 1ithreach:

Tairiscint 2.

b b
/ [Py 2t G2 dr > {pP 4 (p-1)%) / Py dr

a
(14)
ma’s feidhm ar bith 71 a shdsuionn ceann amhdin de na coinniollacha
seo leanas:

(i)
a Pp(a) = £bPp(b); a P (a) = £ P (b),  (15)
(ina ngabhann an dd + agus an dd - le chéile)
(i)
(i)

(iv)

V' (a) = 0,9(b) =0,ach 2p—1 >0, (16)
' (b) = 0,v(a) =0, ach 2p —1 <0, (17)

¥'(a) = ¢'(b) = 0. (18)
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Is léir gur éagothroime ghéar { (14) sa bhfochas (i), ach an sin +
a thégaint i (15): de bharr (7), (4), baintear cothroime amach i geds
na feidhme tugtha ag (12), agus ansin amhdin. Dar nddigh, bionn an
éagothroime (14) bailf nuair a bhionn an earr-dhifriocht (feic §2) 1 (7)
neamh-dheimhneach: luaitear na coinnfollacha (15)—(18) go sonrach
chun na criche sin toisc gurb iad is simpli agus is nadurtha, dar leis
an udar. Bionn na h-éagothroimi (8), (14) baili, leis, nuair nach
mbionn a deimhneach, ach coinniollacha &irithe a bheith sasuithe,
eg 2p+1<0.

5. EAGOTHROIMI NfOS LAIDRE

Tugtar éagothroime Wirtinger agus a macasamhla, a bhaineann leis
an bhfeidhm f(t), san Aguisin: luaitear tri chds — (a), (b), (c).
Cuirtear iad i bhfeidhm ar na h-ionnanais (6), (7) chun leaganacha
nios ldidre a ghinidint de na h-éagothroimi simpli i §4. Neartaitear
(8) tri (a), (c) a chur i bhfeidhm ar (6), ag tosnd leis an gcéad cheann:
Ag uséid (a), (6), (5), gheibhtear

Teoirim 1. Bionn

b b
/ Py 2 g > (p* + 5L_2)/ = et 2 qp (19)

md’s feidhm ar bith 7 ¢ a shdsuionn (10) nd (11) né
P(a) = ¢(b) =0, (20)
ina chiallatonn § tairiseach deimhneach a mbionn na luacha seo
leanas aige sna fochdsanna €agsila:
fochdsanna (10), (11): sé A = § an préamh (deimhneach) is li den
chothromaoid
A2 cos AY2 4 |p| Lsin A\Y2 = 0; (21)
fochds (20):
5= (22)
Bionn cothroime i (19) ins na fochdsanna éagsila, mar leanas:
fochdsanna (10), (20): nuair a bhionn
¢ = Mr?sin[60*/?log(r/a) L],
in ar tairiseach treallach € M, agus ansin amhdin;
fochds (11): nuair a bhionn
¥ = MrPsin[6Y/? log(b/r) L1,

in ar tairiseach treallach € M, agus ansin amhdin.
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Tugtar anois leagan eile nios ldidre de (8). Ag baint usdide as (1),
(2), (4), (6) agus (c) (Aguisin), gheibhtear

Teoirim 2. Biodh p,p de réira < p < b agus p > 0. Md’s feidhm ar
bith © 1(r) a shdsuionn (a) = 0 , sdsuitear an éagothroime ghéar

b b
/ e / =GR dr - mp~ Py (o) (23)

a

ina mbionn
m = (1+ pL){log(p/a)} {1 + plog(b/p)} " (24)

Fagtar faoin 1éitheoir a chrutht gur éagothroime ghéar { seo (feic(c),
Aguisin); agus a leithéid d’éagothroime d’fhéil sa bhfochas (11), agus
sa chds ina mbionn ¥ (a) = ¢(b) = 0. Tugtar faoi ndeara gur féidir an
téarma deiridh ar an dtaobh dheis de (23) a chur i riocht suimedla,
ma usdidtear feidhm Dirac: feidhm “ghineardlaithe” is ea feidhm
Dirac §(r — p), a shasufonn

b
/ 6(r)3(r — p)dr = B(p),

ina mbionn a < p < b agus in ar feidhm leantnach { ¢(r); feic [5],
m.sh.

Ar an gcuma céanna mérdn, is féidir (14) a nearti. De ghrd na
simpliochta, cloitear leis an gcds ina sdsuionn @ na coinniollacha
(neartaithe)

¥(a) = (a) = P(b) = ' (b) = 0. (25)
Cuirtear Aguisin (b) i bhfeidhm ar (7), ag nétéil (6) agus

f(A) = f(A) = f(B) = f(B) =0,
agus gheibhtear

Teoirim 3. Md’s feidhm ar bith 7 ¢ a shdsuionn (25), bionn
b
/ [T—(Qp—3)¢//2 +p2(p2 + 4772L—2)7,—(2p+1)w2] dr
“ b (26)
>{pP+{-1)7°+ 4W2L*2}/ r= 2Py
bionn cothroime ann sa chds seo leanas (agus ansin amhdin):
= MrP[1 — cos{2n log(r/a)/L}] (27)

in ar tairiseach treallach € M.
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Miniodh i §4 conus is féidir “cothroime asamtditeach” a bhaint
amach i (8) i gcdsanna dirithe, nuair b/a — co. Ar an gcuma céanna
moran, is 1éir 6 Theoirim 3 go mbaintear “cothroime asamtoéiteach”
amach i (14) i gcds na feidhme (27): nuair a dhruideann b/a — oo,
druideann

Sl Cr9p"2 — (p = 12 P Dy 2y
N
2 f;[rf(prl)q/}/z _ pzr—(2p+1)¢2]dr

ach p # 0.

Is féidir an éagothroime (14) a neartd ar an-chuid bhealai eile,
nuair a shésufonn ¢ na coinniollacha neartaithe (25) né nuair a
shasufonn s{ ceann amhdin de na coinniollacha (16)—(18). Bionn
siad seo go 1éir bunaithe ar éagothroim{ a shésufonn f(¢).

AguisiN: EAGOTHROIME WIRTINGER AGUS A MACASAMHLA

Is tairisigh iad B, A, p sa chaoi go mbionn B > A, p > 0 trid sios.
(a) M&’s feidhm ar bith { f(¢)
(i) a shdsuionn

bionn
B B
/ f2dt2772(B—A)_2/ f2dt
A A

(ar a dtugtar Eagothroime Wirtinger);
(ii) a shasuifonn f(A) =0,
bionn

/B f2dt + pfA(B) > 6(B — 4)~2 /B frat
ina chiallaionnA)\ = ¢ an préamh (deimhneach) i: Ia de
A2 cos A2 4 p(B — A)sin AV/? = 0.
Bionn cothroime ann san éagothroime dheiridh nuair a bhionn
f=Msin{6*%(t — A)(B — A)~'},

in ar tairiseach treallach é M (agus ansin amhdin). Bionn cursaf
amhlaidh i (i), leis, ach § = 72.
(b) M&’s feidhm ar bith { f(¢) a shdsufonn

f(A) = f(A) = f(B) = f(B)=0
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bionn
B .o, B .
/ f2dt > 47*(B — A)*2/ f2dt;
A A
bionn cothroime ann sa chas
f=M][l—cos{2n(t — A)(B — A)~'}]
in ar tairiseach treallach é M, agus ansin amhdin.

Pléitear na h-éagothroimi (a), (b) thuas i [1].

(c) Biodh n de réir A < n < B . Feidhm ar bith f(¢) a shdsufonn
f(A) =0, sdsufonn sf an éagothroime ghéar

B
/A Pt + pf(B) > r(n— A7)

ina mbionn

r={1+p(B-A)Hl+pB-n}"

Tugtar cruthinas simpli ar seo toisc nach bhfuil a leithéid ar fail
go héasca sa litriocht, go bhfios don tudar.
Cruthinas: Cuirtear éagothroime Schwarz i bhfeidhm ar an d& io-
nannas follasacha

n . B
fn) = /A fat, f(n) — F(B) = - / ft,

agus gheibhtear
mo,
PO <-4 [ Fa,

B .
{f(n) - f(B)}* < (B—n)/ f2dt.

Uatha sin, gheibhtear
B
(n— A)(B - )i /A Pt +pfA(B)} > (B — A)f2(n)+

(n = A1+ p(B =)} f*(B) - 2f(n) f(B)]-
Cuirtear an cruthinas i gerich trin chearndg a chomhlént sa téarma
deiridh.
Fagtar faoin 1éitheoir a chruthd gur éagothroime ghéar an ceann
seo (nod: baintear cothroime amach i gcds feidhme a mbionn
diorthajoch neamhleantinach aici ag pointe amhdin.)
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GLUAIS: GLOSSARY

ar bith: any
asamtéiteach: asymptotic
athrég: variable

baili: valid

braitheann: depends
cearndg a chomhlanu: to
complete square

comhthéacs: context
cothroime: equality

cothroméidi pdirtdhifredlacha:
part. diff. equations
cruthinas: proof

cur chuige: approach

deimhneach(a): positive
difredil: differentiation

diorthajoch(a): derivative(s)
druideann: tends
éagothroime({): inequality(ies)
earr-dhifriocht: end-difference
eatramh: interval
feidhm(eanna): function(s)
feidhm ghinearalaithe: generalised
function

feidhm nialasach: zero function
fochds: subcase

g(h)éar: sharp

ginidint: to generate
inshuimedlaithe: integrands
ionanna(i)s: identity(ies)
leantinach: continuous

J.N. Flavin,

Roinn na Fisice Matamaiticitla,
Ollscoil na hEireann,

Gaillimh,
Jjames.flavin@nuigalway.ie

macasamhla: (its) like

meastachain chailiochtila:
qualitative estimates
malartaithe: changes

meathlajionn:decays

neamh-dheimhneach:non-positive
neamh-dhiiltach: non-negative
neamhleaninach: discontinuous
neartu: strengthen
neamhspledch(a): independent
nios laidre: stronger
nodaireacht:notation

ord:order

plata dronuilleogach

cuarlineach leaisteach: curvilinear
rectangular elastic plate

préamh: root

réimse struis: stress field
réiteach(a): solution(s)

sainmhinitear: define (passive)

spasuil: spatial

spledch(a): dependent
suimedlai: integral
shuimealaithe: integrals
tairisigh dheimhneacha:
positive constants
tairiseach: constant
treallach: arbitrary

Received on 23 January 2004 and in revised form on 16 November 2004.



