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Roots and Root Spaces of
Compact Banach–Lie Algebras

A. J. CALDERÓN MARTÍN AND M. FORERO PIULESTÁN

Abstract. We study the main properties of roots and
root spaces associated to a Cartan subalgebra of a compact
Banach–Lie algebra. As a consequence, we describe the topo-
logically simple compact Banach–Lie algebras having a Car-
tan decomposition relative to some Cartan subalgebra.

1. Introduction

A Banach Lie algebra L is a complex Lie algebra such that its under-
lying vector space is a Banach space and satisfies ‖[x, y]‖ ≤ 2 ‖x‖·‖y‖
for every x, y ∈ L. We shall say that L is compact if the linear oper-
ators

ad(x) : L −→ L, ad(x)(y) = [x, y],
are compact for any x ∈ L (see [2, Chapter IV] for a general reference
on compact Banach algebras). This paper is a study of such algebras
with emphasis, of course, on the infinite dimensional ones.

The paper is organized as follows. In the second section we study
the roots and root spaces associated to a Cartan subalgebra of a com-
pact Banach–Lie algebra, our main results in this section are that
the root spaces associated to nonzero roots are one-dimensional and
that the only integral multiplies kα of a nonzero root α which are
roots are 0 and ±α. In the third section we study the direct limit
of a direct system of Banach–Lie algebras, we prove the existence
of the direct limit (unique up to isometric isomorphism), and we
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study some of its properties. Finally, in the fourth section we obtain
a description of infinite dimensional topologically simple compact
Banach–Lie algebras having a Cartan decomposition L, by approx-
imating L as the direct limit of a suitable family of simple finite
dimensional Banach–Lie subalgebras. It is shown that this class can
be realized as topologically simple Lie subalgebras of certain topo-
logically simple associative Banach algebras. The results turn out
to be natural extensions of the finite dimensional theory and the
L∗-algebras theory of Schue (see [7, 8]).

2. Roots and Cartan Decompositions

In order to make sense, the definition of Cartan subalgebra given
below requires a definition of semisimplicity for infinite dimensional
Banach–Lie algebras. Following [6], a Banach–Lie algebra is said to
be semisimple if it has no non trivial abelian closed ideals. We define
the annihilator of a Banach–Lie algebra L as the closed ideal given
by Ann(L) = {x ∈ L : [x, y] = 0 for all y ∈ L}. It is clear that any
semisimple Banach–Lie algebra L has zero annihilator, therefore L is
also semisimple in the sense given in [7] for L∗-algebras. We shall say
that a Banach–Lie algebra L is topologically simple if the product is
nonzero and has no nonzero proper closed ideals. In the remainder
of this section L will denote a semisimple Banach–Lie algebra.

A Cartan subalgebra H of L is defined as a maximal abelian sub-
algebra; let us note that a Cartan subalgebra is necessarily closed.
A root of L relative to H is a mapping α : H −→ C such that there
exists vα ∈ L, vα 6= 0 satisfying [h, vα] = α(h)vα for any h ∈ H. The
root space associated to α is the subspace Lα = {vα ∈ L : [h, vα] =
α(h)vα for any h ∈ H}. Given a set S of nonzero roots of L, we shall
denote by Sp ZS the set of mappings

Sp ZS =
{ n∑

i=1

piαi : pi ∈ Z and αi ∈ S
}

.

We shall say that L has a Cartan decomposition relative to H if

L = H ⊕
⊕

α∈Λ

Lα,

where Λ is the set of all nonzero roots of L relative to H, and for
any finite set S ⊂ Λ we have that Sp ZS ∩ Λ is also finite. Suppose
that L has a Cartan decomposition L = H ⊕ ⊕

α∈Λ

Lα. We then
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recover the definition of Cartan subalgebra for finite dimensional
Lie algebras, and for Lie algebras of arbitrary dimension given by
Billing and Pianzola in [1]. Indeed, H is nilpotent of length two,
and it is easy to prove that H is its own normalizer, N(H), taking
into account that given x ∈ N(H) we have for any h ∈ H that
[h, x] ∈ H ∩ ⊕

α∈Λ

Lα = 0. Hence, by the maximal character as abelian

subalgebra of H, x ∈ H. Let us observe finally that in case that
L has an involution our definition of Cartan subalgebra coincides
with the one given by Schue for L∗-algebras in [7], and the one given
by De la Harpe for c-involutive Lie algebras in [6, definition 4 on
page 32], by adding to H the condition of being also selfadjoint.

It is easy to prove that the roots are continuous and linear map-
pings, the root spaces are closed, the root space associated to the
zero root is the Cartan subalgebra and, by the Jacobi identity, that
if α + β is a root then [Lα, Lβ ] ⊆ Lα+β and if α + β is not a root
then [Lα, Lβ ] = 0.

Lemma 1. Let α and β be two nonzero roots of L relative to H.
Then we have:

(1) There exists n ∈ Z such that nα is a root and mα,−mα are
not roots for any m ∈ N such that m > |n|.

(2) There exists p ∈ Z such that β + pα is a root and β + qα,
β − qα are not roots for all q ∈ N such that q > |p|.
Proof. For a root γ of L relative to H, we have ‖γ‖ ≤ 2. Indeed,
|γ(h)| ≤ ||h|| for any h ∈ H and thus ‖γ‖ = sup

h∈H
|γ(h)| / ‖h‖ ≤ 2.

(1) If kα is a root, as ‖kα‖ ≤ 2 then |k| ≤ 2
‖α‖ and the result

follows easily.
(2) If β + kα is a root then 2 ≥ ||β + kα|| ≥ |k| · ||α|| − ||β|| and

therefore (2) is clear. ¤
Lemma 2. Let L be a semisimple compact Banach–Lie algebra, let
H be a Cartan subalgebra of L, and let α be a nonzero root of L
relative to H. Then the following assertions hold:

(1) The dimension of the root space Lα is finite;
(2) −α is a root;
(3) [Lα, L−α] 6= 0.

Proof. (1) Fix 0 6= h0 ∈ H and 0 6= vα ∈ Lα, as ad(h0)(vα) =
α(h0)vα. Then α(h0) is an eigenvalue of ad(h0) and vα ∈ L(α(h0)),
where L(α(h0)) denotes the eigenspace associated to α(h0). Hence
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Lα ⊆ L(α(h0)). As the operator ad(h0) is compact, dim L(α(h0)) is
finite and so is dimLα.

(2) Let us suppose that −α is not a root. Fix 0 6= h0 ∈ H such

that α (h0) 6= 0, and let us consider L′ := Ch0 ⊕ Cvα ⊕
∞⊕

j=2

L−jα,

where 0 6= vα ∈ Lα. It is easy to check that L′ is a finite dimensional
semisimple Lie algebra, Ch0 is a Cartan subalgebra of L′ and that
L′ has a Cartan decomposition relative to Ch0, given by L′ = Ch0⊕
L′

α′ ⊕
∞⊕

j=2

L′−jα′ , where α
′

= α| Ch0 and −jα
′

= −jα| Ch0 are roots

of L′ relative to Ch0, being then L′
α′ = Cvα and L′−jα′ = L−jα,

j ≥ 2. It is well known from the theory of finite dimensional split
semisimple Lie algebras that if α

′
is a root of L

′
, then −α

′
is also.

We have therefore a contradiction.
The proof of (3) is similar by considering now L′ := Ch0 ⊕ Lα ⊕

∞⊕
j=1

L−jα. ¤

Lemma 3. Let L be a semisimple compact Banach–Lie algebra, let
H be a Cartan subalgebra of L, and let α, β be two nonzero roots of
L relative to H. Then we have:

(1) If β + α and β − α are not roots then β(hα) = 0 for any
hα ∈ [Lα, L−α];

(2) β(hα) = rα(hα) with r ∈ Q and hα as above.

Proof. We obtain (1) as an easy consequence of the Jacobi identity
and the identities [Lα, Lβ ] = [Lα, L−β ] = 0.

(2) Let us fix hα = [vα, v−α] with vα ∈ Lα and v−α ∈ L−α. Let
us consider V = L(Lβ+jα : j ∈ Z), the linear space generated by
{Lβ+jα : j ∈ Z}. By Lemmas 1-(2) and 2-(1), it is clear that V is
a finite dimensional vector space invariant for ad(vα), ad(v−α) and
ad(hα) = ad(vα)ad(v−α) − ad(v−α)ad(vα). The fact that the trace
of ad(hα) on V is 0 gives us the equation

mβ(hα) + kα(hα) = 0

with m 6= 0 and m, k ∈ Z. Hence β(hα) = k
mα(hα). ¤

Corollary 1. Let L be a semisimple compact Banach–Lie algebra
having a Cartan decomposition relative to a Cartan subalgebra H,
and let α be a nonzero root. Then α(hα) 6= 0 for each nonzero
hα ∈ [Lα, L−α].
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Proof. Let us suppose that α(hα) = 0. By Lemma 3-(2), β(hα) = 0
for all roots β and hence [hα, L] = 0. Therefore hα ∈ Ann(L) and
thus hα = 0, a contradiction. ¤

Theorem 1. Let L be a semisimple compact Banach–Lie algebra
having a Cartan decomposition relative to a Cartan subalgebra H,
and let α be a nonzero root. Then Lα is one-dimensional and the
only integral multiplies kα which are roots are 0 and ±α.

Proof. By Lemma 2-(3) we can fix 0 6= vα ∈ Lα and 0 6= v−α ∈ L−α

such that 0 6= hα = [vα, v−α]. Let us consider

L′ = C[vα, L−α]⊕ Cvα ⊕
∞⊕

j=1

L−jα.

From Lemmas 1 and 2 it is easy to check that L′ is a finite dimen-
sional semisimple Lie algebra invariant for ad(vα), ad(v−α), and

ad(hα) = [ad(vα), ad(v−α)].

Since the trace of ad(hα) on L′ is 0 and since [hα, vα] = α(hα)vα,

[hα, v−jα] = −jα(hα)v−jα,

and [hα, h′] = 0 for any h′ ∈ C[vα, L−α], we have

α(hα)(1 +
∑

(−j)dj) = 0

where dj is the dimension of L−jα. By Corollary 1, α(hα) 6= 0, hence

1 +
∑

(−j)dj = 0.

Thus −2α,−3α, · · · are not roots and d−1 = 1. Since we can replace
α by −α in the argument, we have both conclusions of the theorem.

¤
The next corollary is now immediate

Corollary 2. Under the hypothesis of Theorem 1, if α, β and α+β
are nonzero roots of L relative to H then [Lα, Lβ ] = Lα+β .

3. Direct Limits of Banach–Lie Algebras

Let (I,≤) be a directed set and let {Li}i∈I be a family of Banach–
Lie algebras such that for any i, j ∈ I with i ≤ j there exists an
isometric monomorphism eji : Li −→ Lj such that eji ◦ eik = ejk

and eii = Id for all i, j, k with k ≤ i ≤ j. Then we shall say that
S = ({Li}i∈I , {eji}i≤j) is a direct system of Banach–Lie algebras.
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Given S we define a direct limit, lim
→

S, as a couple (L, {ei}i∈I)
where L is a Banach–Lie algebra, ei : Li −→ L is an isometric
monomorphism that satisfies ei = ej◦eji and (L, {ei}i∈I) is universal
for this property in the sense that if (L′, {ti}i∈I) is another such
couple, then there exists a unique isometric monomorphism θ from
L to L′ such that ti = θ ◦ ei for all i ∈ I. It is clear that if a direct
limit exists, then it is unique up to isometric isomorphism. We define
the concepts of direct system and direct limit for associative Banach
algebras in a similar way.

If A is an associative Banach algebra then A− will denote the
Banach–Lie algebra whose underlying vector space and norm agree
with that of A and whose product is given by [x, y] = xy − yx.

As in [3], we can prove that any direct system of Banach–Lie
algebras S has a direct limit, and state the following results.

Theorem 2. Let S = ({Ai}i∈I , {eji}i≤j) be a direct system of asso-
ciative Banach algebras. Then S− = ({A−i }i∈I , {eji}i≤j) is a direct
system of Banach–Lie algebras and lim

→
S− = (lim

→
S)−.

Theorem 3. Let S = ({Ai}i∈I , {eji}i≤j) be a direct system of asso-
ciative Banach algebras, with {ξi}i∈I a family of isometric involutive
antiautomorphisms, ξi : Ai → Ai, such that ξj◦eji = eji◦ξi for i ≤ j.
Write A = lim

→
S; then:

(1) There exists a unique isometric involutive antiautomorphism

ξ : A → A

satisfying ξ ◦ ei = ei ◦ ξi for any i ∈ I.
(2) If we consider the Banach–Lie subalgebra of A−i , Skw(Ai, ξi)

then

Skw(S, ξ) := ({Skw(Ai, ξi)}i∈I , {eji|Skw(Ai,ξi)}i≤j)

is a direct system of Banach–Lie algebras and lim
→

(Skw(S, ξ)) =

Skw(lim
→

S, ξ).

4. The Description Theorem

We proved in [4] that if L is an infinite dimensional simple Lie algebra
having a Cartan decomposition (in the sense of §2 for Banach–Lie
algebras with the only difference that L is now written as L = H ⊕⊕
α∈Λ

Lα), relative to a Cartan subalgebra (in the sense of [1]) H, and
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such that the nonzero roots spaces are finite dimensional, then L is
isomorphic to lim

→
S, where S = ({Li}i∈I , {iji}i≤j) is a direct system

of simple finite dimensional Lie subalgebras of the same type Al, Bl,
Cl or Dl.

Let us now consider an infinite dimensional topologically simple
compact Banach–Lie algebra L having a Cartan decomposition rela-
tive to a Cartan subalgebra H. By §2, H is also a Cartan subalgebra
in the sense of [1]. As consequence of Theorem 1 the nonzero root
spaces of L satisfy the condition of being finite dimensional. Hence,
there is no problem in refining the argument used in the proof of the
above result to obtain that L is isometrically isomorphic to lim

→
S,

with S = ({Li}i∈I , {iji}i≤j) a direct system of simple finite dimen-
sional Banach–Lie subalgebras of the same type Al, Bl, Cl or Dl.
Finally, the properties of the direct limits given in §3 let us formu-
late the following result.

Theorem 4. Suppose that L is an infinite dimensional topologically
simple compact Banach–Lie algebra having a Cartan decomposition
relative to a Cartan subalgebra H. Then L is isometrically isomorphic
to some of the following ones:

(1) A−, where A is a topologically simple associative Banach
algebra.

(2) Skw(A, ξ) with A as above and ξ an involutive antiautomor-
phism of A.
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