Irish Math. Soc. Bulletin 46 (2001), 19–32 19

Rank Rigidity and Symmetry

J.-H. ESCHENBURG

Abstract. Symmetric spaces form a subject of central importance in geometry. We report on a class of theorems characterizing Riemannian symmetric spaces of higher rank. These theorems shed light on various aspects of these spaces and bring together very different geometric theories: Riemannian manifolds of nonpositive curvature, spherical Tits buildings and submanifold geometry. In particular, we put emphasis on the third aspect which is related to isotropy orbits of symmetric spaces.

1. The Desarguesian property

There are several theorems in geometry where a lower bound on a certain dimension (“rank”) together with other geometric properties determines a space uniquely up to automorphisms (“rigidity”). The automorphism group of such a space is very large; in fact rigidity is proved by detecting sufficiently many automorphisms. The rank assumption is remarkable; it contradicts our feeling that higher dimension should imply more flexibility and less rigidity. However the geometric assumptions yield more and more substructures as the rank grows, and these are used for the rigidity proof. A classical example is the theorem of Desargues in n-dimensional projective geometry P^n:

(K): Desargues, Kolmogoroff [K]:

If P^n is connected and compact with n ≥ 3, then P^n is projective n-space over R, C or H (false for n = 2).

The theorem can be proved by showing that the automorphisms fixing an arbitrary hyperplane act transitively on its complement. The hyperplane can be viewed as hyperplane “at infinity”, so its complement is affine space A^n. For any two points p, p^′ ∈ A^n we may define the translation sending p to p^′ provided that the “small” Desargues theorem is satisfied: If the lines k, l, m are parallel then a || a^′, b || b^′ ⇒ c || c^′ (Fig. 1).

PSfrag replacements

Figure 1: Translations and Desargues’ property

But the Desarguesian property does not follow from the axioms of projective geometry in dimension 2; there are many projective planes lacking this property (cf.[Sal]). However, it does follow in dimension n ≥ 3: If the three parallel lines k, l, m are not complanar, the two triangles abc and a^′b^′c^′ in Fig. 1 are lying in two different parallel planes. Thus the lines c and c^′ do not intersect inside A^n, but on the other hand they lie in a common plane (spanned by the parallel lines k and m), so they must be parallel. This is a model case for the use of substructures (planes in this case) and their intersections in order to construct automorphisms.

Projective geometry was put in a much broader context by J. Tits [Ti], leading to a far reaching generalization of (K) (cf. (A) in Ch. 3): A spherical building of rank n is a simplical complex of dimension n − 1 such that any two simplices are lying in a common finite subcomplex called appartment. Each appartment is a triangulation of the (n − 1)-sphere being invariant under a group of hyperplane reflections, the Weyl group, which acts simply transitively on the set of (n − 1)-simplices (“chambers”) of the appartment. Any two appartments are isomorphic, and two such isomorphisms differ by a Weyl group element. Simplices which are equivalent under such an isomorphism are said to have the same type. In the case of P^n, the (n − 1)-simplices are the full flags

point p ⊂ line l ⊂ plane E ⊂ ... ⊂ P^n

and the faces are the corresponding subflags of all possible types (Fig. 2),

PSfrag replacements

Figure 2: Flag simplex

while the appartments are the formed by all flags corresponding to the faces of a fixed projective n-simplex in P^n (Fig. 3).

PSfrag replacements

Figure 3: Appartments of P3

2. Symmetric spaces

A Riemannian manifold is, roughly speaking, a metric space which is locally approximated by euclidean geometry (on the tangent space) and where distance globally is measured by arc length of curves. Shortest curves are called geodesics. The deviation of Riemannian from euclidean geometry at any point x is measured by a quantity R(x) called curvature tensor from which the notion of sectional curvature (sc) is derived. E.g. we have sc ≥ 0 (resp. sc ≤ 0) iff the distance between two geodesics emanating from a point x near x does not grow more (resp. less) than proportional to the distance from x (Fig. 4).

PSfrag replacements

Figure 4: Distance of geodesics

Globally, the most important difference to euclidean geometry is the path dependence of the parallel displacement of vectors in Riemannian geometry. The phenomenon is measured by the holonomy group which consists of the parallel displacements along all loops starting and ending at a fixed point x; this is a group of linear transformations on the tangent space at x.

A symmetric space (cf. [Hg], [E1]) is a Riemannian manifold X which has an isometric point reflection (“symmetry”) σ_x at any point x ∈ X. So there are plenty of isometries which turn X into a homogeneous space, i.e. the group of isometries acts transitively on X. Locally, symmetric spaces are characterized by the constancy of the curvature tensor R, more precisely, R is invariant under all parallel displacements. This partially explains the importance of these spaces for Riemannian geometry. Examples include euclidean n-space, spheres, Grassmannians (cf. Fig. 5)

PSfrag replacements

Figure 5: Symmetry of Grassmannians

and compact Lie groups (with σ_x(y) = xy^{−1}x). Symmetric spaces always come in “dual” pairs X, X^∗:

X compact, sc ≥ 0 ←→ X^∗ noncompact, sc ≤ 0

E.g. the dual of the sphere is hyperbolic space, the dual of the Grassmannian of n-planes in R^{n+k} is the set of “spacelike” n-planes with respect to the indefinite inner product of index k on R^{n+k}, and the dual of a compact Lie group G is G^c/G where G^c is the complexification of G. The irreducible symmetric spaces of noncompact type are precisely the coset spaces X = G/K where G is a simple noncompact Lie group (the identity component of the isometry group of X) and K its maximal compact subgroup. Hence irreducible symmetric spaces are labeled by the simple noncompact Lie groups.

The geometry of a symmetric space X = G/K of noncompact type can be understood best by looking at the unit 2-disk (Poincaré) model of the hyperbolic plane (Fig. 6).

PSfrag replacements

Figure 6: Hyperbolic plane

In general, X is diffeomorphic to the open n-disk, and there is a canonical way of attaching an (n−1)-sphere X_∞ to X, using geodesic rays emanating from any point of X; two geodesic rays starting at different points define the same point of X_∞ if they have finite distance from each other. The geodesics in the hyperbolic plane (orthocircles in Fig. 6) have to be replaced by r-dimensional totally geodesic euclidean subspaces (called flats) where r ≥ 1 is called the rank of the symmetric space. Any two points in X̄ := X ∪ X_∞ are joined by a common flat. Two flats can join at X_∞, but the possible set of intersection is not arbitrary. In fact, there is a Ginvariant decomposition of X_∞ forming a spherical building of rank r, whose appartments are the flats at X_∞, and two flats may join at X_∞ only along entire simplices of the building. E.g. the bulding of projective geometry P^{n−1} is associated to the symmetric space SL(n, R)/SO(n).

A major role is played by the isotropy group K which replaces the rotations in euclidean space and which for irreducible symmetric spaces happens to agree with the holonomy group at the base point. In euclidean space, we may turn around and look in every direction we like, so the isotropy orbits are spheres. But in a symmetric space of rank r, the isotropy group must preserve the set of r-flats through the base point. In fact K acts transitively on this set, and a Korbit intersects each flat a finite number of times, and each time perpendicularly (Fig. 7).

PSfrag replacements

Figure 7: Isotropy orbit and flat

The isotropy action of a symmetric space, viewed as a linear action on the tangent space of the base point, is also called s-representation. The principal orbits of this action are examples of isoparametric submanifolds (cf. Ch. 4). Any K-orbit, when projected to X_∞ by the geodesic rays from the base point, is invariant also under the noncompact group G acting on X_∞, hence a so called R-space (a compact homogeneous space with an effective transitive action of a noncompact Lie group). It can be viewed as the set of all simplices of a fixed type in the spherical building associated to X; in fact it intersects any of these simplices precisely once. Some of these orbits are again symmetric spaces, so called extrinsic symmetric spaces or symmetric R-spaces (cf. [F], [EH1]); in the case of P^n, these are the one-step flag manifolds, the Grassmannians. Most symmetric spaces occur in this way. It is due to this fact that spheres and projective spaces allow a transitive action by a noncompact Lie group (conformal and projective groups).

3. Some rank rigidity theorems

(A): Tits [Ti], Burns-Spatzier [BS1]:

If a locally connected irreducible compact spherical building has rank r ≥ 3, then it is associated to a symmetric spaces of rank r

(false for r = 2).

(B): Berger [Be], Simons [Si]:

If the holonomy group of a locally irreducible Riemannian manifold acts with cohomogeneity (codimension of the maximal orbits) k ≥ 2 then it is locally symmetric of rank k (false for k = 1).

(C): If a complete locally irreducible Riemannian manifolds has rank r ≥ 2, i.e. r is the largest number such that any two points can be joined by an r-dimensional complete locally euclidean and totally geodesic submanifold (“flat”), then it is locally symmetric of rank r, provided that additionally one of the following properties holds:

(a): Ballmann [B], Eberlein [Eb], Burns-Spatzier [BS2]:

sc ≤ 0 and finite volume, (b): Heber [Hb]:

sc ≤ 0 and homogeneity, (c): Molina-Olmos [MO]:

All flats are compact, (d): Samiou ([Sa], also cf. [EO]):

All pointed flats are congruent under the isometry group. ((a)-(c) are false for r = 1. Also for r ≥ 2 the statement is false without additional assumptions, even for homogeneous spaces, cf. [SS].)

(D): Thorbergsson [Th], Olmos [O2]:

A closed, irreducible, substantial isoparametric submanifold of codimension k ≥ 3 in euclidean n-space is a principal orbit of the isotropy representation of a symmetric space of rank k (false for k = 2).

There are many more such theorems which all shed light on different aspects of symmetric spaces. (A) is the direct generalization of (K) and is proved by constructing the analogue of the translations.

In (B) the holonomy group is assumed to be small, so it has many invariants, and eventually it is shown that R is holonomy invariant, in fact parallel. (A) and (B) are the main tools for the proofs of (C) and (D). In fact, (A) is used by [BS2], [Hb], [Th] while (B) and related tools occur in [B], [Eb], [MO], [Sa], [ES] and [O2]. However, the interdependence of (A) and (B) is not clear. We will now concentrate on a new proof of (D) (joint work with E. Heintze, cf. [EH2], [E2], [HL]) which uses submanifold theory. It is based on ideas of [O2] but avoids the classification of Dadok [D] used in [Th] and [O2].

4. Isoparametric submanifolds

An n-dimensional submanifold M = M^n ⊂ R^{n+k} has a tangent space τ_p = τ_pM and a normal space ν_p = ν_pM at any point p ∈ M (Fig. 8).

PSfrag replacements

Figure 8: Tangent and normal spaces

A normal vector field ξ on M is called parallel if ∂_vξ ∈ τ_p for all v ∈ τ_p. The self adjoint linear map (∂ξ)_p on τ_p (the shape operator) measures how the normal space ν_p changes when p is moved; its eigenvalues are the principal curvatures. A (closed irreducible substantial) submanifold M^n ⊂ R^{n+k} is called isoparametric (cf. [Se], [PT]) iff any normal vector can be extended to a parallel normal field ξ, and the eigenvalues of (∂ξ)_p are independent of p. There are two classes of examples known:

I: Principal orbits of s-representations (s-orbits), II: hypersurfaces in spheres related to Clifford representations (cf. [FKM]).

The classification depends on the codimension k:

k = 1: only spheres (cf. [Se]) k = 2: open conjecture: only I and II ? k ≥ 3: only I by (D).

Isoparametric submanifolds behave in many ways like principal group orbits. They generate families of submanifolds M_ξ = {p + ξ_p; p ∈ M } where ξ is any parallel normal field, and these foliate the whole space R^{n+k}. In fact M_ξ is again isoparametric and diffeomorphic to M for most ξ, but not for all; some singular M_ξ have lower dimension, like singular group orbits. However what is special to isoparametric submanifolds and not true for arbitrary group orbits (in fact by [D] this holds only for s-orbits): the normal spaces are common to all leaves M_ξ , and two normal spaces may intersect only in points of singular leaves. Fig. 9 gives a picture in the (however non-substantial) situation where M is a planar circle in 3-space:

PSfrag replacements

Figure 9: Common normal spaces

How does k ≥ 3 imply homogeneity? The main idea is again to pass to substructures, namely the fibres of the projections onto singular leaves: π = π_ξ : M → M_ξ, π_ξ(p) = p + ξ_p where M_ξ = S is singular. Let q = π(p) ∈ S and F = π^{−1}(q) = M ∩ ν_qS the fibre through p (Fig. 10).

PSfrag replacements

Figure 10: Projection onto a singular leaf

(In the P^3-case, M corresponds to the full flag manifold and S to a partial flag manifold, say the set of all planes, and π maps a flag (p, l, E) onto E. Then F corresponds to the flags inside the plane E.) We show first that F is totally geodesic in M , i.e. any geodesic in F is a geodesic also in M . A curve in a submanifold is a geodesic iff its second derivative is always in the normal space. Now F is the intersection of M with the linear space ν_qS, thus a geodesic p(t) in F satisfies p^{′′} ∈ ν_pF ∩ ν_qS. But since M is isoparametric, ν_pM lies in ν_qS with orthogonal complement τ_pF (cf. Fig. 10). Hence ν_pF ∩ ν_qS = ν_pM , and p(t) is a geodesic in M as well.

PSfrag replacements

Figure 11: Horizontal lifts

Thus π : M → S is a projection (submersion) with totally geodesic fibres. This implies homogeneity of the fibres as follows. Take any two points q_0, q_1 ∈ S and connect them by a smooth curve c : [0, 1] → S. Let F_i = π^{−1}(q_i). For any p ∈ F_0 there is a unique curve ĉ_p on M starting from p and being a lift of c, i.e. π ∘ ĉ_p = c, such that ĉ^′_p(t) is perpendicular to the fibre over c(t) at all t (horizontal lift, cf. Fig. 11). Thus we have defined a map h_c : F_0 → F_1, p = ĉ_p(0) → ĉ_p(1). Now π has geodesic fibres iff all h_c are isometries (cf. Fig. 11). In particular, all closed curves in S starting and ending at q ∈ S give rise to isometries of the fibre F over q, turning F into a homogeneous space. In fact, these isometries form the normal holonomy group of S describing parallel displacements of normal vectors on S, and by an observation of Olmos [O1] (which is related to (B) but much simpler), the action of the normal holonomy group is always an s-representation. If k ≥ 3, there is a whole hierarchy of such fibrations π_ξ, becoming more and more singular. In fact, for any two “simply” singular normal vectors ξ_1, ξ_2 ∈ ν_pM we find a “doubly” singular ξ ∈ ν_pM such that the fibres F_1, F_2, F of π_{ξ1} , π_{ξ2}, π_ξ through p satisfy F_1, F_2 ⊂ F . This makes the s-orbit structures on F_1 and F_2 compatible and eventually leads to an s-orbit structure on M . (Technically, the curvature tensor of the corresponding symmetric space is constructed on R^{n+k} using the curvature tensors on the various normal spaces ν_qS; these are given by Olmos [O1].)

5. Infinitesimal rank rigidity

There is yet another classical rank rigidity theorem which seems to be of very different type:

(L): (Liouville) ([L], cf. [Sp])

If U, V are open subsets of the n-sphere S^n with n ≥ 3 and ϕ : U → V is a smooth conformal diffeomorphism, then ϕ is the restriction to U of an element of the conformal diffeomorphism group of S^n (which is O^+(n + 1, 1))

(false for n = 2).

Unlike in (A)-(D), the geometric assumption here is infinitesimal: The derivative of ϕ must be a conformal linear map (orthogonal up to rescaling). Recently, Liouville’s theorem was generalized and put in the framework of symmetric R-spaces by W. Bertram [Bt]. We do not know if (L) can be also related to (A)-(D). But we could prove a rigidity theorem of a similar type whose proof is closely related to (B) and (D) (cf. [E3]). The map ϕ is replaced by a submanifold M of a symmetric space, and the assumption on the derivative of ϕ is turned into a condition for the tangent and normal spaces of M :

(E): Let X be an irreducible symmetric space of compact type and M ⊂ X a submanifold having totally geodesic tangent and normal subspaces of X at any of its points. Suppose further that all tangent subspaces are irreducible and of rank r ≥ 2. Then M is an extrinsic symmetric isotropy orbit in X.

(false for r = 1).

Acknowledgements. It is my pleasure to thank L. Kramer for valuable hints and discussion.

References

[B] Ballmann, W.: Nonpositively curved manifolds of higher rank, Ann. of Math. 122 (1983), 597-609 [Be] Berger, M.: Sur les groupes d’holonomie des variétés à connexion affine et des variétés Riemanniennes, Bull. Soc. Math. France 83 (1955), 279-330 [Bt] W. Bertram: Conformal group and fundamental theorem for a class of symmetric spaces, Math. Z. 233 (2000), 39 - 73 [BS1] Burns, K. and Spatzier, R: On topological Tits buildings and their classification, Publ. Math. I.H.E.S. 65 (1987), 5-34 [BS2] Burns, K. and Spatzier, R: Manifolds of nonpositive curvature and their buildings, Publ. Math. I.H.E.S. 65 (1987), 35-59 [D] Dadok, J.: Polar coordinates induced by actions of compact Lie groups, Transactions Amer. Math. Soc. 288 (1985), 125 - 137 [Eb] Eberlein, P.: Symmetry diffeomorphism group of a manifold of nonpositive curvature II, Indiana Univ. Math. J. 37 (1988),, 735-752 [E1] Eschenburg, J.-H.: Lecture Notes on Symmetric Spaces, Preprint Augsburg 1998 [E2] Eschenburg, J.-H.: Isoparametric submanifolds and symmetric spaces, Contemporary Mathematics 258 (2000), 145 - 155 [E3] Eschenburg, J.-H.: Higher rank curved Lie triples, preprint, to appear in J. Math. Soc. Japan (2002) [EH1] Eschenburg, J.-H. and Heintze, E.: Extrinsic symmetric spaces and orbits of s-representations, manuscripta math. 88 (1995), 517 - 524 (Erratum manuscripta math. 92 (1997), 408) [EH2] Eschenburg, J.-H. and Heintze, E.: Polar representations and symmetric spaces, J. Reine u. angew. Math. 507 (1999), 93-106 [EO] Eschenburg, J.-H. and Olmos, C.: Rank and symmetry of Riemannian manifolds, Comment. Math. Helv. 69 (1994), 483 - 499 [ES] Eschenburg, J.-H. and Schröder, V.: Tits distance of Hadamard manifolds and isoparametric hypersurfaces, Geometriae Dedicata 40 (1991), 97 - 101

[F] Ferus, D.: Symmetric submanifolds of euclidean space, Math.

Ann. 247 (1980), 81 - 93 [FKM] Ferus, D., Karcher, H., Münzner, H.F.: Cliffordalgebren und neue isoparametrische Hyperflächen, Math. Z. 177 (1981), 479 - 502 [Hb] Heber, J.: On the geometric rank of homogeneous spaces of nonpositive curvature, Invent. math. 112 (1993), 151 - 170 [HL] Heintze, E. and Liu, X.: Homogeneity of infinite dimensional isoparametric submanifolds, Ann. of Math. 149 (1999), 149 - 181 [Hg] Helgason, S.: Differential Geometry, Lie Groups, and Symmetric Spaces, Academic Press 1978 [K] Kolmogoroff, A.: Zur Begründung der projektiven Geometrie, Ann. of Math. 33 (1932), 175-176 [L] Liouville, J.: Théorème sur l’equation dx^2 + dy^2 + dz^2 = λ(dα^2 + dβ^2 + dγ^2), J. Math. Pures et Appl. 15 (1850), 103 [MO] Molina, B. and Olmos, C.: Manifolds all of whose flats are closed, J. Diff. Geom. 45 (1997), 575 - 592 [O1] Olmos, C.: The normal holonomy group, Proc. A.M.S. 110 (1990), 813 - 818 [O2] Olmos, C.: Isoparametric submanifolds and their homogeneous structures. J. Diff. Geom. 38 (1993), 225 - 234 [PT] Palais, R.S., Terng, C.-L.: Critical Point Theory and Submanifold Geometry, Springer Lecture Notes in Math. 1353 (1988) [Sal] Salzmann, H. et al.: Compact Projective Planes, De Gruyter 1995 [Sa] Samiou, E.: Flats and symmetry of homogeneous spaces, Math. Z. 234 (2000), 145 - 162 [Se] Segre. B.: Famiglie di ipersuperficie isoparametriche negli spazi euclidei ad qualunque numero di dimensioni, Rend. Acc. Naz. Lincei 27 (1938), 203 - 207 [Si] Simons, J.: On the transitivity of holonomy systems, Ann.

of Math. 76 (1962), 213 - 234 [Sp] Spivak, M.: A Comprehensive Introduction to Differential Geometry, vol. 3, Publish of Perish 1975 [SS] Strake, M. and Spatzier, R.: Some examples of higher rank manifolds of nonnegative curvature, Comm. Math. Helv. 65 (1990), 299 - 317

[Th] Thorbergsson, G.: Isoparametric foliations and their buildings, Ann. of Math. 133 (1991), 429 - 445 [Ti] Tits, J.: Buildings of Spherical Type and finite BN-pairs, Springer Lecture Notes in Math. 386 (1970)

Jost-Hinrich Eschenburg, Institut für Mathematik, Universität Augsburg, D–86135 Augsburg, Germany eschenburg@math.uni-augsburg.de

Received on 3 January 2001.