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An Elementary proof that periodicity
and generalized-periodicity are
equivalent in nilpotent groups

Gary J. Sherman

Let S be a non-empty subset of the group G. An element z of G is said
to be S-periodic if there are elements g1, ..., ¢n in S for which

n
Hgi—la:g = €.
i=1

If S = {e}, then S-periodicity is the usual notion of group periodicity. If
S = G, then S-periodicity is referred to as generalized-periodicity, a concept
which occurs naturally in the theory of partially ordered groups. Indeed, a
group admits a partial ordering relation compatible with the group operation
if, and only if, the group contains an element which is not generalized-periodic
[1]. Another case of special interest is when S = P(G), the set of periodic
elements of G. It was shown in [5] that P(G) is a subgroup of G if, and only
if, each P(G)-periodic element of G is periodic.

If G is abelian, then generalized-periodicity and P(G)-periodicity are equiv-
alent to periodicity. Thus, when presented the class of nilpotent groups as a
natural generalization of the class of abelian groups one asks: “Is generalized-
periodicity equivalent to periodicity in the class of nilpotent groups?” Hollister
[3] has shown that the answer to this question is yes. His proof makes use of a
deep result from the theory of partially ordered groups and the fact that the
periodic elements of a nilpotent group form a subgroup [4]. In this paper we
give an elementary proof of Hollister’s result and obtain, as a corollary, the
fact that P(G) is a subgroup for nilpotent G.

To this end the following two observations are useful. Let = and y be
elements of the group G.

Fact 1. If z and y are periodic then zy is generalized-periodic.

Proof. Let z and y be of orders m and n, respectively. Then

mn-—1
H e ryzt = xymn:cmn—l = e.

1=0
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Notice that if generalized-periodicity is equivalent to periodicity, then
P(G) is closed with respect to taking products and inverses; i.e., P(G) is
a subgroup.

Fact 2. If a non-trivial power of £ commutes with y, then the commutator
[z,y] = 271y~ 'zyis a generalized-periodic element of the subgroup generated

by z and [z,y].
Proof. Let "y = yz™ for some positive integer n. Then

n

[ ale™ = ()"
i=1

x—-ny—l
€.

z"y

Notice that [z, y] is conjugated by powers of z.

Theorem. Generalized-periodicily is equivaleni to periodicity in a nilpotent
group.

Proof. Recall that a group, G, is nilpotent of class n if it possesses a series
of normal subgroups, G = Go D G1 D ... D Gn = {e}, in which Gi/Gi41 is
the center of G/Giy1. Such a series is referred to as the upper central series
of G. We proceed by induction on the class of the nilpotent group G.

If G is of class one, then G is abelian and the result is obvious.

Now suppose that G is nilpotent of class n and that generalized-periodicity
is equivalent to periodicity in nilpotent groups of class less than n. Let  be a
generalized-periodic element of G — Gn-1 (Each generalized-periodic element
of Gp_1 is periodic since Gn-1 is the center of G.). For some positive integer
k there are y1,...,yr in G for which

k
Hyi_lwyi = €.
i=1

Applying the identity y7 'zy; = [z, 3] to (i) we obtain

H z[z,yi]=e.

=

An elementary proof

It also follows from (i) that

k
H(yi_1Gn—1)(xGn—1)(inn—l) =Gn-1

§=1

in the factor group G/Gn—1. Since G/Gy 1 is a nilpotent group of class less
than n the induction hypothesis implies that zG,_1 is periodic in G/Gn-1.
Thus there exists a positive integer m for which ™ € Gn-1, the center of
G. Fact 2 implies that each of [z,11],..., [z, yx]is generalized-periodic so for
i=1,...,k there is a positive integer s; and there are z,,..., %,, in G such
that

8
Hzij[w)yi]zij =€ (1“)
i=1

S
ie, [[lzvllle, vl zl=e (iv)

j=1
Reasoning with (iii) as with (i), we find [[z, %], z,] to be generalized-periodic
in the subgroup generated by [z,:] and [[z,y], zi;]. But [z,¥] € G and
[z, ¥, 2;,] € G2 so [[z, 4], 2] is generalized-periodic as an element of Gi.
By the induction hypothesis and Fact 1, [z, v, 2:;] € P(G3) = P(G) NG,
which is a normal subgroup of G . From (iv) we have [z, %]’ P(G2) = P(G2)
in the factor group G1/P(G3). Thus, since [z, y]° is periodic, [z, y;] must be
periodic; i.e., [z,4] € P(G1) = P(G)N Gy, whichis a normal subgroup of G.
From (ii) it follows that z¥ P(G1) = P(G1) in the factor group G/P(Gy). We

conclude that z is periodic since z* is periodic. ,

Corollary. The periodic elements of a nilpotent group form a subgroup.
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Note on the Diophantine Equation

xmyy = 5%

James J. Ward.

In a letter to the Editor of the Irish Times, Dr. Des McHale issued the
challenge of finding any solution (z,y, z), with none of z, y, z = 1, of the
Diophantine equation

=y = 2°.

This had appeared as a problem in the first Irish Universities Mathematical
Olympiad and apparently none of the contestants found a non-trivial solution.

The purpose of this note is to indicate a method for generating solutions to
this equation.

Lemma: Suppose X,Y, Z, ¢ are natural numbers such that
(i) X+Y~Z=1and
(i1) ¢ > 2 and
(ii}) = 22 /(XXYY);
then z = p X,y = ¢Y, = ¢Z have the property that
z%yY = 2%,
Proof: Consider z%yY: this equals
(X)X (pY)#Y = pPE ) (x XYYy,
On the other hand z* equals

2 (27"
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